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Theory of gq-Deformed Forms. IIl. g-Deformed
Hodge Star, Inner Product, Adjoint Operator of
Exterior Derivative, and Self-Dual Yang-Mills
Equation

Won-Sang Chung!

Received August 29, 1995

In this paper we introduce the g-deformed Hodge star operator, g-deformed
inner product, and q-deformed adjoint of the q-deformed exterior derivative and
investigate their properties. Using this mathematical background, we construct
the q-deformed self-dual Yang-Mills theory.

1. INTRODUCTION

Quantum groups provide a concrete example of noncommutative differ-
ential geometry (Connes, 1986). The idea of the quantum plane was first
introduced by Manin (1988, 1989). The application of noncommutative differ-
ential geometry to quantum matrix groups was made by Woronowicz (1987,
1989). Wess and Zumino (1990; Zumino, 1991) considered one of the simplest
examples of noncommutative differential calculus over Manin’s quantum
plane. They developed a differential calculus on the quantum hyperplane
covariant with respect to the action of the quantum deformation of GL(n),
so-called GL,(n). Much subsequent work has been done in this direction
(Schmidke et al., 1989; Schirrmacher, 1991a,b; Schirrmacher et al., 1991;
Burdik and Hlavaty, 1991; Hlavaty, 1991; Burdik and Hellinger, 1992; Ubri-
aco, 1992: Giler et al., 1991, 1992; Lukierski er al., 1991; Lukierski and
Nowicki, 1992; Castellani, 1992; Chaichian and Demichev, 1992; Chung,
n.d.-a,b).
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In part [ (Chung et al., 1996) of this series of papers we proved associativ-
ity of the q-deformed wedge product and showed that the gq-deformed wedge
product satisfies a particular commutation relation.

In part II (Chung, 1996) we introduced the q-deformed differential forms
and quantum-algebra-valued q-deformed forms. We used these to obtain the
g-inner derivative and discussed its properties. We used these results to
discuss the g-deformed Hamilton equation.

In this paper (part III) we introduce the q-deformed Hodge star operator,
g-deformed inner product, and g-deformed adjoint of the q-deformed exterior
derivative and investigate their properties. Using this mathematical back-
ground we construct the g-deformed self-dual Yang—Mills theory.

2. ¢-DEFORMED HODGE STAR

In this section we introduce the gq-deformed Hodge star operator and
investigate its properties. Throughout this paper we adopt the conventions
and notations given in parts I and II. From part II we have the following
commutation relations between the q-deformed differential forms:

dx' n,dx) = (—q) dx/ A, dx' i>pn
dx' ngdx' =0 ij=12...,N) (H

where the g-deformed wedge product A, reduces to the usual wedge product
when g goes to 1. The relation (1) can be written in the form

dx' Ag dx/ = (—q)PPdx/ Ay dx’ (2)
where the symbol P(ij) is defined as
P@ij) =1 (i>])
PE)=0 (=)
Pjy=-1(@<}))

Now we introduce the Hodge star operator (*) as follows

|
*dx = ———— Eyy(g™) dy’ 3
[N—p]!E”(q ) 3
where E;;(g72) denotes replacing g with g2 in the g-deformed Levi-Civita
symbol defined in parts I and 1I and / and J denote iy, iy, ..., i, and j|, j,

.., Jn—p» Tespectively. Now we show that the Hodge star operator satisfies
the following properties:

*Rdx! = (—q 2y NP dx! S
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where dx’ is a q-deformed p-form. In obtaining (4) we used the following
properties of the q-deformed Levi-Civita symbol:

> E (g DEx(g™ = (“q_z)p(N—msﬁwsi% 62;;1(,’2 &)

Ji<p2< <jN-p

where the g-symmetrizer is defined in Chung er al. (1994). The q-symmetrizer
satisfies the following property:

2 Sk OB -+ BL),-2 dx¥ = [p]! dx' (6)

The general proof is given in the Appendix and here we show that (4) holds
for the N = 4 and p = 2 case. Let us consider the two-form

dxt A, dx! <)) N

Then we have

A 4 1 )
*dx' A, dx)) = o Ejidq™?) dx* A, dx!

= > Eul(g™®) dx* a, dx!
k<l
Applying the Hodge star operation to the two-form (7) twice, we find

*H(dx! A, dX) = ;{ Eulq™2*(dx* A, dx')

=t -2 ~2 m n

- ﬁ kg{ E’jkl(q )Eklmn(q ) dx Ny dx
= iz_]|( q_2)4(8' 6" - q‘26' 5{") dx™ Ag dx”
B (q—2)4xi /\q d.xf

where we used the properties

2 Eljkl(q-z)Eklmn(q—z) = (—q—z)“(stnsjn - q_zafo{n) for i <.1
k<l

and

dxit Ay oo Agdx™ = Ey (g7 dx' Ay - dxV 8)
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3. ¢-DEFORMED INNER PRODUCT

In this section we discuss the g-deformed inner product (scalar product).
Consider the following two g-deformed p-forms «, and B,:

= . . il “e i
a, D @, dx A, Ay dx

i< <ip

D Bjv-p dxlt Ay e A, dor

jl<"'<j/)

By
Then we define the g-deformed inner product as the integral
(@, By = [ a, AF By )

where *B, is given by

* = B (a2 dxir+ P dxiN
By ‘ ' 2 ) le"'/p v dpiper-in(g ) dxIPH Ay Ng
NS <fpdp+ 1< <UN

Computing the g-deformed inner product, we obtain
(o, Bp) = f (—q”z)z‘EL‘““ﬁ’a”.,.ipB,“u‘ipdx‘ Ayt Agdx™(10)
The proof is easy. We have
(o, Bp) = J %y, N S

(g™ Hdxir*t Ay ==+ A, dXIV

Biv--ipEir--spip1-- i
m . 3 . . . . -2 Jp+1i
f CigeeioBiv iy B ipiper-- @ ™2 d

X Eil"'[pjp+|"'jN(q_2) d.le’“ d.xl /\q o At/ de

= | (—,-2y2Ek=1ik-6 LI N
= J( q )( k=1t )a;l.__ipB,'l.u,‘pdx Ny /\qu

where we used the contraction rule for the g-deformed Levi-Civita symbol,

E; E;

=2y e (o = 2N2C k= k= OIRIT K2 .. RIN
1 dpips 1N ) = (—g )P H=tTO8 ;82 - - - 3]

iNlg™2

(D

U ippar JN(q

The gq-deformed inner product has the further property that
(o, Bp) = (Bps @) (12)
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because of the identity

o, A7 Bp = Bp AT o, (13)

4. ¢-DEFORMED ADJOINT OF q-DEFORMED EXTERIOR
DERIVATIVE

In this section we discuss the g-deformed adjoint of the g-deformed
exterior derivative. We define the g-deformed adjoint of the g-deformed
exterior derivative d as

8 = —(—qg ) W-r+Dp=ryx (14)
The q-deformed adjoint has the property
(Bay, Bp-1) = (o, dBj-1) (15)
We will prove the identity (15) as follows. By definition we find

(8(1,,, Bp—l) = (Bp—lv a(lp)

= f Bp—1 AF Ba,

_(_q—2)~(N—p+2)(p~l) [ Bp—l /\jf* d*a,,

i

-2\~ (N- -1 —2\(N— =t
—(—q ) WN=P+DP= (= g=2yN=p+ 1P )pr-l Ay d¥a,

il

_(_q—2)~(p~l)pr_1 Ag d*a,,

i

—(—g73)7"Y j Bir-ipy X Ag t e A die!

X d*(aj it A - Ag dle')

1+ p q

where we note that
i1<”'<ip—h jt<"‘<jp

Then the right-hand side is
= “(—q—Z)-(p~l)[ Bir-'i,,-) dx’1 Ayttt Ay dx'r=1

o . Jp+1 N
it dpiper- iy XA e A dX)
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= —(—pg~2y=(p—1) L . E .
(—=g™) Bn-'-t,;«laaau“'JpEJI"'JpJpH"'JN

——y

X dxll Ay oo Ay XU AL dXE A dXitl Ay e A dXV)

= ~(=g "

ey

Bil'"ip-—la”afl'"prjl"'fpjp+l‘"jNEiI"'ip~l“jp+l"'jN
X dx! Ay Ay dx

= _(_q—l)—(p—l) Bil...,‘p_lauajl...jpaﬂ s 8[”_]8{'{’

Ip—}

ey,

X (__q—Z)Z(EZ:]jk—ﬁ)dxle ‘e Aq de

_ (1 e a6y g1 L N
- _(—q )(P ) Bil---ipﬂlauair"i,,_(a( q )( k=llk*a )dx Aq ’ /\qu

S———

= (—q”z)_(P"l)

-1
= INASE ik ta—6) .1
X [a,-,...,-p_laaas,.l...,-p_,( g~ Hh=ilrazOgyl A Ag dx
-1
_ = DNAER T i a—6) ) A
= J’ aa,-l.”,‘p_!aaB,-!...,-p_'( q ) k=tiTd dx Ny Ny

= J o, AF dB,
= (ap, dBp)

which completes the proof of the identity (15).

5. q-DEFORMED SELF-DUAL YANG-MILLS EQUATION

In this section we use the formulas given in part I to discuss the g-
deformed Maxwell and Yang—Mills theory. Let us define the g-vector 1-form
A e AYY),

The g-deformed field strength 2-form F is defined by acting with the g-
exterior derivative d,
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F=dA
=Y (3:A; + EL3,A) dx' A, dx!

i<
>
If we define F as

F = F,dxa,dx

i<y

= Y Fydx A, dx

i>j

| . _
=3 '2} Fj dx' ng dx’!
then we have

Fj = 3A; + ELA;
which implies that
= 3A; — q '9A; (<))
= 9;A; — q0;A; (=)
Therefore we have
Fy=—q'F; (<))

If we define the dual tensor *Fj; as

*Fy = ,;, Eui(g™)F; i<y

then we have the following q-deformed self-dual condition:

*F = F
where F is defined as

F=3 > Eui(q~ Y F; dx' A, dx!

i<j k<l
These can be written for each component as follows:
*Fia = (=g )*F1z
*Fis = (—q")’Fi3
*Fia = (—q"3*F 4

1113

a17)

(18)

(19)

(20

2n
(22)

(23)

(24)

(25)

(26)

27
(28)
(29)
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*Fa3 = (—q7%)*Fa (30)
*Fay = (—q )Fa4 31
*Fi = Fy (32)
which implies that
Fio = Fy 33
Fi3=Fy (34)
Fy3 = Fy (35)

Now we generalize the q-deformed self-dual Maxwell equation to the
q-deformed Yang—Mills equation. Let us introduce the quanturn-algebra-
valued g-deformed vector 1-form

A=A"dXT, (36)
and the g-deformed field strength tensor 2-form
F = DA = dA + {[A, A], 37
If we define the g-deformed field strength tensor 2-form by
F =Y Fidd a, dv T,

i<j

= Y Fidx' A, d T,

i

= % > Fydx n,dd T, (38)
1)

i
we have
§ = 0iA} — qT'AL + fudATAS + gTASAD) (<))
F§ = 9,A} — qojA? + 3funAVAS + gASAD) (i > ) (39)
If we demand that the commutation relation between A¢ and A? is given by
ASAL = q7'ALAS (G<i
AJAY = gA?A] (>0 (40)
then the g-deformed field strength tensor is given by
F4 = 0,AY — q7'0,A? + fup APAS (1 <))
F

0,Af — qo,AT7 + fup AAS (i >j) 41)
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Then the q-deformed self-dual condition is obtained in analogy with (25)
as follows:

*Fg = Ef Eui(@™DF% (<)) (42)
k<
*F=F (43)
where F is defined as
F =237 Euwlq HFidda, dx' T, (44)
i<j k<t

6. CONCLUSIONS

In this paper we have used the q-deformed differential forms and quan-
tum-algebra-valued q-deformed forms given in part II to obtain a q-deformed
Hodge-dual operator, q-deformed inner product, and q-deformed adjoint of
the g-deformed exterior derivative and have discussed their properties. As a
physical application, we have discussed the q-deformed self-dual Maxwell
equation and Yang-Mills equation. In this case we find that the ordinary
self-dual condition should be gq-deformed in a more complicated form. We
think that much will be accomplished in this direction. In particular we
hope that the q-deformed Lagrangian equation of motion of the q-deformed
mechanics and q-deformed Maxwell and Yang—Mills theory will be clarified
in the near future.

APPENDIX. PROOF OF EQUATION (4)

By definition we have

1
*(dyl) = —- Y Ei(qg7?) dx’
(@) [N_P]!; /(@)

= X Ejghdx

Jordered

Acting with the Hodge star operator again, we find

*Hdxy = ,,<q-2)2—-EmE,K<q ?) dx¥

J.ordered

E ,[_;]_ (—g rN-n 5“([52’2 - 82’,’,]"—: dxk

= (—q YW Pdx!
which completes the proof of (4).
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